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While we have not exhausted the vacuum solutions, we are about half-way
done with the physically interesting ones. So it is time for a brief inter-
lude — the non-Vacuum solutions. These fall into two general categories:
waves and matter-coupling. In the linearized theory, as was mentioned in
our perturbative expansion of Einstein’s equation, we have a generic wave
equation with and without sources — the solution to this in the tensor set-
ting is well-defined, superimposed (because we are in the linearized limit)
waves of definite frequency and two polarizations. We will be studying both
the vacuum and source-driven waves predicted by GR. Gravitational waves
are the basis for detection in a number of experiments, both current and
planned, so it is important to understand the nature of this radiation, and
the patterns generated by typical sources. Basically, though, the tools are
identical to E&M with one extra polarization. The interpretation is some-
what different. Because this is GR, and because the “field” that radiates
is really the linear part of the metric, these waves are often romantically
referred to as “ripples in space-time”.

Another class of non-vacuum solutions involve approximations to various
fluid stress tensors — there is a nice symmetry between the wave solutions
(approximation on the left of Einstein’s equation), and “cosmological” solu-
tions (approximation on the right). We will consider the basic cosmological
assumptions and solutions, and introduce the cosmological constant as our
vacuum solution on the matter side.

We must study vacuum radiation in order to study radiative sources, and
matter in the universe begs the question of a balancing extra term in an
empty universe. So it goes.
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33.1 The Linearized Wave Equation

When we discussed the Newtonian correspondence of GR, we took a lin-
earized approximation to the full Einstein equations, chose a gauge and
found that the metric perturbations, h,,, satisfied the equation:

G

1 _
—3 0,0 hyu

- 1
hp,l/ = huy _ 5 nuy h (331)

O hyp =0,

with the last of the above representing our gauge choice for the coordinates.
The linearized equation, in the absence of sources is just:

0y hyw =0 (33.2)

a four-dimensional wave equation for i_LW written on a Minkowski back-
ground (raise and lower with 7,,). Since h,, is symmetric, this is just ten
times a scalar wave equation. We take the usual plane wave ansatz:

Ry = Py e'Fe ™ (33.3)

interpret P, as the polarization tensor, and £, as the wave vector — just
a poor man’s Fourier transform. What does this mean in terms of (33.1)7
Put it in, we have

8pap E,uz/ = (—83 + 81-81') PIJV et (—ko 2°+k; 27)

) s _ (33.4)
= — (kg + kjk?) hpy = —(ky k7) hyy =0

and assuming the metric perturbation itself is non-zero, this requires that
k., k" = 0. As a Fourier transform, we recognize the frequency ko and wave-
vector k;, and the condition k, k# = 0 tells us that we have a null vector,
i.e. the solution is light-like, just as in E&M. In this flat space setting, we
can make the identification of a field with characteristic velocity c.

The gauge condition (coordinate choice, the third equation in (33.1)) puts
constraints on P,,:

Py = 7 (Bupehe)

. ) (33.5)
=iP,, (k") "™ =ik’ h,,=0,
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and this is a Poynting-vector-like statement: the propagation of the wave, k”
is orthogonal to the perturbation h,,. In addition to this interpretation, we
have constrained four of the ten components of P,, by requiring P,, k" = 0.

We're not quite done. Remember the gauge choice we made, x# — z'* + f#
inducing hyy — h,, = b + fiu), and we set:

0,0° f, = =0 hyyp, (33.6)

but to f,, we can add any vector w, satistying 0”9, w,, = 0 without changing
the condition that 0” hﬁ,p = 0 (I'm using primes once again here, otherwise
this is nonsense).

So let’s finish fixing the gauge, we will choose w, to make a further coordi-
nate transformation inducing yet another transformation in 7,

hp = Ty — W, p) (33.7)

where the primes refer to the partially gauge fixed coordinates (our original
choice to set 0 E;L 0= 0), and the double primes are our new, further, choice.
Since w, itself satisfies the wave equation, we may as well take it to be of
the form:

w, = Q, e kns" (33.8)

with the same wave-vector k, we are using for the metric. Then the new
(new) metric perturbation reads:

hy,=hi,—ie ™ (Qyk,+ Qpky)

_ 1 Tl - ik, xt
:h;/p_inuph/a —iet T (Quky + Qpky) (33.9)
1 ihye
:(Pyp_2nyppo¢_Z(QVkP+kaV)> ek“ ’

We have four unknowns in the above, the @),,. This gives the correct count-
ing: We started with ten unknown components in the polarization tensor
P,,, we fixed four with the original gauge choice, and now we fix four more
leaving two independent components, just right for two separate polariza-
tions. So we need four equations to fix @, which four to take? The most
convenient constraint is to eliminate the time-space portion of the metric,
that will leave us with just the spatial section. That is, we want h’o’p = 0.
Written out in components, the condition is

. 1
P:0¢2Q0k0=—%(Poo+§ )

p:jIonj+ijO:_iP0j7

(33.10)
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or in matrix form:

2kg 0 0 O Qo Py + 1 Pg
ki ko 0 0 Q| _ . Po
ks 0 ko O O | =7 Poy . (33.11)
k3 0 0 ko Q3 Po3
=K

The matrix on the left is nonsingular, so we can invert it, it’s not even that
bad:

5= 0 0 0
b1
) 2z ke 00
K= TR (33.12)
_2]{:73 =
1
az 000 g
and the solution for the coefficients @, is:
) 1
Qo = — P00+ Py
2k
(33.13)

) )
4 Poo+ = P ) kj— = By,
Qj = 2k2<00+ > oo F0s

We are done, we have formed a metric perturbation that is “transverse”,
here meaning that there are no components except for spatial ones so that
kP h,, = 0 refers to spatial orthogonality, as in E&M. There is an additional
property of this gauge, consider the trace of the hZ,/ from its definition (33.7),

Wl =Pl —2Pf —2iQ, k"
. 1 ) ) i )
= —P[j—Q’L |: <P00+ 2PM> + 2k‘2 <P00+ P“) k‘jk‘] — kopojk]] 5
(33.14)
and note from Einstein’s equation (linearized), we still have k* k, = 0 —

k; k/ = k% and from the original gauge choice, P,k =0— Py kI = Pyo kY,
so that we can simplify the second line above:

1
h;:” = —P[;—QZ' |:Z <P00+2Pg> —iP00:|

=0.

(33.15)

We see that the metric perturbation is also “traceless”. This “transverse
traceless” gauge (finally) is completely fixed, with two independent degrees
of freedom left. Because the perturbation is traceless, we have ?LW = hu
without ambiguity, and we are ready to do some physics.
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33.2 E&M

33.2.1 Gauge

Remember how this argument runs in standard electrodynamics: you
start with the field equations for E and B (source-free):

V.E-0 vxE=_-2

agt (33.16)
V.-B=0 VxB=2

ot

and introduced the potentials in the usual way: V-B=0—- B =V x A
and then we observe that the curl of E, while not (by itself) zero, can
be augmented:

0 0A
VXE=—-——(VxA)—V E+—)=0 33.17
X o (VX A) X( - at) (33.17)
so we introduce a potential Ag here, E + % = —VAj, and we have

automatically satisfied the above.

Now there is only the “source” equations (for now, zero):

0A 0
E=V.(-VA4, - ) =0 —05V2A4, = —— A 1
A\ V(V 0 8t> 0 V* Ay at(V ) (33.18)
and the vector one:
O2A oV
2 9 AN ) ov.
(V A BT ) \% <V A+ 5 ) . (33.19)

The usual observation is: 1. Adding the gradient of a scalar to A doesn’t
change V x B, and 2. Adding the time derivative of that scalar to Ay
doesn’t change E. So we introduce

99

r r v
A =ATVo Ay=A -

(33.20)

which guarantees that B’ = B.
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So the E, B content of the new potential Af, and A’ is identical to Ay
and A, but now we have freedom to choose properties for the potentials.

In particular, we can impose Coulomb gauge, V - A = 0, that simplifies
the right-hand side of (33.18), giving us Laplace’s equation. But then
we’re stuck with a tricky vector-potential equation. Of course, viewing
these as components of a four-potential makes the situation somewhat
clearer — in particular, both the scalar potential and the components
of the vector potential satisfy wave equations — throwing out the time
portion as we do in Coulomb gauge is not in the spirit of relativity.

So we choose Lorentz gauge which is 0* A, = 0 with A, the usual four-
vector. Then, as with our GR wave equation, we have:

0% A, =0. (33.21)

33.2.2 Source Free E&M

Let’s review the E&M derivation of light, just to remind ourselves of
the way in which polarization crops up there. We start with the wave
equation for the four-potential A, — already in Lorentz gauge (or we
would not have a wave equation):

(07 +V?) A, =0. (33.22)

The idea is to introduce a Fourier transform solution — i.e. make the
assumption A,(x) = P, €’ (kx-wt) _ this becomes, under the wave equa-
tion:

(W - k%) A, =0 (33.23)
which tells us that the wave-four-vector defined as k, = (w, kz, ky, k)
has Kk, = 0. In addition, we must satisfy the Lorentz gauge condition:

A, =0— Phw+k-P=0 (33.24)

with P, = (Py,P). In other words, we have k* P, = 0. This gives us a
set of algebraic relations.

For concreteness, consider a wave in the z direction with frequency w.
Demanding that &k, k# = 0 gives w = k., and then the orthogonality with
P, tells us that —Fy + P, = 0. This leaves us with two free components,
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P, and P, (think of the P, dependence of the electric and magnetic
fields) in the polarization vector, just as we expect for light (i.e. the
polarization vector is orthogonal to the propagation vector).

We just set Py to zero above — what is our justification for this move?
There is un-fixed gauge freedom left in the potential A,, even once it
is in divergenceless form. Think of a transformation AL = A, +, for
scalar ¢ with 0" A, = 0 already. We know this will leave us in Lorentz
gauge provided:

Al =0 A+ 00 =0— % =0 (33.25)

so we can make an additional gauge transformation, even when we are
in Lorentz gauge. Take ¢ = Q €'*1?” | so that the D’Alembertian is zero
— then

Al = Ay + ik, Qe (33.26)

and we can use this to set, for example, A, = 0 by appropriate choice

of Q.

33.3 Source Free Linearized Gravity

We know already that we can set h,, to have zero components in hg, =
hyo = 0 directions, and this suggests that we just take the spatial part for
our “real” perturbation. We will introduce Cartesian coordinates — a global
inertial frame, that is after all, what we are doing in the linearization process.
Let’s be explicit, suppose we want to describe a wave with frequency w
traveling in the z direction according to our laboratory. Our wave equation,
coupled to Einstein’s equation and our gauge choice require us to solve the
following;:

hy,y — P/J,l/ ei ky at
0= P, Kk
0 k“zu (33.27)
= R
0= Py =P

setting k,=(w,0,0,k,) (the wavevector appropriate to z propagation with
frequency w), we have from k, k* = 0, k, = £w. The upshot of the rest of
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the constraints is a final polarization tensor that looks like:

0 0 0 O

| 0 =Py Py O
Puw=| re B0 (33.28)

0 0 0 O

WEell that’s great, but what is it? We are in a good position for interpreta-
tion, equivalent to the E&M case: A flat background with a field on top of
it. We have the polarization tensor, we know the wavevector. The question,
as always, is: what happens to particles? We need to go back to our test
particle case and see how things move.

Referring back to our discussions of geodesic deviation, we consider two
particles separated by s (to avoid using 17 as the separation vector). We
will assume that the (spatial) velocity of the particles is small compared
to the speed of light, so that we can write °=(1,0,0,0), and then the
“acceleration” becomes:

D2
35" = =Ry i0 20 57 (33.29)
-

leaving us with the task of computing the Riemann tensor (to first order)
for g, = Ny + € hy with our wave perturbation.

Let’s take the right-hand side first — we discussed the linearized Riemann
tensor when we originally constructed the linearized Einstein equation, it
looks like:
1
aﬁvé = 9 en” (hﬂv,ﬁp + hsp,y — hgsyp — hmﬁ&) : (33.30)

The relevant components (in our transverse traceless gauge) are

1
R0 = 5 €0 (hoy,00 + h0p,09 = ho0,50 = Pyp00)

o (33.31)
=5 €1 hyp0
which isn’t too bad. On the left, we have:
D2
a8 =i+ 57 (1% 27) (33.32)

the second term is zero because z“ is a geodesic by definition. Again, since
we are working in the linearized theory, there is no difference to this order
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between covariant and normal derivatives, and in addition, we can convert
T — t coordinate time, putting the left and right together and remembering
that there are only spatial components to the metric:

1

§ = 3 ehi 7. (33.33)

One last linearization issue — let s = 5 + ¢ 5%, so that we can match orders
in the expansion of the deviation and the Riemann tensor. Then we have
two equations, one for order €’, one for e! (and then the rest are O(€?)):

V5 =0

e 1 (33.34)
1,35 4
€ .s’—is]h;-.

The zeroth order equation tells us that 5 = o't + 3%, but let’s agree to
an initial condition: the masses are at rest at time ¢ = 0 (before the wave
arrives). Then we set o' = 0, and the second equation can be integrated
(the remaining integration constant(s) 3 are just the initial separation):

s'(t) = B + %e 3 ht. (33.35)

So far we have only used the gauge condition for the perturbation, which
also implies that only the 2 and y components of s* are non-zero. Let’s put
in our plane wave solution, with wave-vector pointing in the z direction, as
shown in Figure 33.1.

Figure 33.1: A gravitational wave moving in the k direction.

Using the form of the polarization tensor from (33.28), the separation vector
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is given by

. (sx(O) + €@ T O (g(0) Py, — 57(0) Pyy)) x (33.36)

+ (59(0) 4 € 7O ((0) Pyy + %(0) Byy) ) ¥

To see the motion clearly, we set a pair of test masses on the z axis, and a
pair on the y axis. With both pairs, we set s*(0) = 0, the wave has no effect
on that direction. In addition, it is useful to separate the motion into the
two polarizations, obtained by setting P, = 0 and Py, = 0. In Figure 33.2,
we show the displacements for two pairs of test particles: one pair initially
positioned on the z-axis, one pair on the y. By looking at the two polariza-
tions separately, we can see the motivation for the names: P, = Py, the
“plus” polarization, and P, = Py, the “cross” polarization.

Figure 33.2: The “plus” polarization (top, Py, = 0) shows the distance
for initial %X (black) and y (blue) directed separation vectors, the “cross”
polarization (bottom, Py, = 0) is shown for the same initial displacements.
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