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We now move from first-order scalar field Lagrange densities to the equiva-
lent form for a vector field. Our model (and ultimate goal) is a description
of vacuum electrodynamics. From the natural action, we derive the field
equations — Maxwell’s equations for potentials in the absence of sources.
Sourceless field theories tell us nothing about the various constants which
must appear in a general action, coupling sources to the field theory density,
but by appealing to our E&M background, we can set the various constants
appropriate to source coupling.

So we begin with the action and field equations, then form the energy-
momentum tensor for the fields alone, and by setting our one overall constant
so that the 7% component corresponds to energy density, we recover the
full (familiar) energy-momentum tensor for E&M. After all of this, we are
in good position to introduce charge and current sources.

21.1 Vector Action

Our objective is E&M, and our starting point will be an action. The big
change comes in our Lagrange density — rather than some simple £(¢, ¢ 1, 9,0),
we have a set of fields, call them A,, so the action can depend on scalars
made out of the fields A, and their derivatives A, ,. Think of Minkowski
space, and our usual treatment of electricity and magnetism. We know that
the “Field strength tensor” F* is a Lorentz-tensor, but why stop there?
Why not make a full scalar action out of the field-strength tensor, and ig-
nore its usual definition (we should recover this anyway, if our theory is
properly defined)? To that end, the only important feature of F*¥ is its
antisymmetry: F* = —F"H,
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21.1. VECTOR ACTION Lecture 21

Since we are shooting for a vector field, a singly-indexed set of quantities,
the second rank tensor F'*¥ must be associated, in first order form, with
the momenta. The only scalar we can make comes from double-contraction
F* F,,. So taking this as the “Hamiltonian”, our first-order action has to
look like

1
Sy = /dT v—g (F’W (derivatives of A,,) — 3 F" gou 980 F“ﬁ) . (21.1)

Because F* is antisymmetric, we can form an antisymmetrization of A4, ,,
ie. (A, — Auy). As an interesting aside, we are implicitly assuming that
the metric here is just the usual Minkowski, g,, = 7, so that one might
object to the normal partial derivatives on the A, ,. This is actually not a
problem if we use the antisymmetrized form, since

Ay = Ay = (Ao = T A) — (A — 17, 4,)

m (21.2)
= Ayvﬂ - Aﬂvl”
using the symmetry (torsion-free) of the connection: I'?,, =17, ,.
So our proposed action is
1
Sy = /dT V=g (F’W (App—Auy) — 3 F* g0 980 FO‘5> . (21.3)

Again, since this is first-order form, we vary w.r.t. F** and A, separately.
Incidentally, the antisymmetry of F# is now enforced — because it is con-
tracted with the antisymmetrization of A, ,,, only the antisymmetric portion
will contribute, so we can vary w.r.t. all sixteen components independently.

5Sy
sEw — v

— Auw) = Gaugpy F*¥ =0 (21.4)
and this gives a relation between F' and 0A:

’Fw’ = Avp— Apy- ‘ (21.5)

The variation of the Au is a little more difficult — with an obvious abuse of
notation:

0
35y = [V gy (P (A = Au) 54
TN
— [V A - P 04, (200)
aAM ) ’
= [arv=g(Er - ) o4,
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21.1. VECTOR ACTION Lecture 21

and we really have in mind the covariant derivative (the /—g ensures that
we mean what we say).

We can use integration by parts to get a total divergence term, which as
usual can be converted to a boundary integral where it must vanish,

§Sy = / dr [V=g(F"" = F") §A,],, — / dr [V—g(F"" — F"™)] , 6A,.

=0

(21.7)
The second term’s integrand must then vanish for arbitrary 6A,. Using
(vV—9).» = 0, the above gives the second set of field equations:

(F"— Fr) =0 (21.8)

and because we know that F),, is antisymmetric (either a priorior from (21.5)),
this reduces to

FM = 0. (21.9)

WV

Combining these two, and writing in terms of A, we find that the fields A,
satisfy
o' o, AY — 0" 9, AF = 0. (21.10)

If we are really in Minkowski space with Cartesian spatial coordinates, this
is a set of four independent equations which we may write as

19 [10A° 1 9%AY
0 c@t[c ot v ] [ 2 ot? vV ]
1 9A" 1 9°A (2L.11)
S v i v | IO DRI 25 N
0=v 25+ vea|- |-z G v
Note the similarity with equations (10.4) and (10.5) from Griffiths!:
3}
VIV 4+~ (V-A) =L
ot €0
(21.12)

0?A ov
<V2A_M0608t2> _V<VA+/J’060815> = —MOJ

It appears reasonable to interpret A° = % and A7 = A, the electric and
magnetic vector potentials respectively. To proceed, we know that there

L Griffiths, David J. Introduction to Electrodynamics. Prentice Hall, 1999. See page 417
of the third edition.
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21.1. VECTOR ACTION Lecture 21

must be gauge freedom — the physical effects of the fields are transmitted
through F*”. We know this to be true, although we have not yet done
anything to establish it here, there being no sources in our theory. The
gauge freedom is expressed in the connection between the field strength
tensor and the potential

Fo=A, A=A, —Au.. (21.13)
If we take A, — AL = A, +1,, then
F//W = A;/,u o A:W =(Avp +Vup) = (App + ) = Avp — Ay, (21.14)

and nothing changes. We can exploit this to set the total divergence of A*.
Suppose we start with a set A, such that 9,A* = F(z), then we introduce
a four-gradient: A* 4+ 0", the new divergence is

Oy (A" + M) = F + 0, 0 o) (21.15)

and if we like, this new divergence can be set to zero by appropriate choice of
Y (i.e. 0, 0" = —F, Poisson’s equation for the D’Alembertian operator).
Then we can a prioriset 0, A* = 0 and the field equations can be simplified
(from (21.10))

ot o, AY — 9”0, A* = —9" 9, A¥ (21.16)
which becomes, under our identification A° = %:
1 0°V
61 a‘;A (21.17)
2
== — A
c2 ot? VA,

appropriate to source-free potential formulation of E&M in Lorentz gauge.

21.1.1 The Field Strength Tensor

Now we can go on to define the components of the field strength tensor, but
we are still lacking an interpretation in terms of E and B. That’s fine, for
now, we can use our previous experience as a crutch, but to reiterate — we
cannot say exactly what the fields are (the independent elements of F*")
until we have a notion of force.
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21.2. ENERGY-MOMENTUM TENSOR FOR E&M Lecture 21

From FM = Q¥ A* — Ot AV, we have?

1 (0A* oV 1 (0AY oV 1 (0A* ov
0 —¢ (% + %) —z<at+7y) —2 (B +%2)
o 0 ANV QAT A% 9AT
Frr= Oz Jy Oz 0z ,
o o 0 9A*  9AY
dy 0z
o o o 0

(21.18)
with o representing the obvious antisymmetric entry.

If we take the typical definition E = —VV — %—‘? and B =V x A then the
field strength tensor takes its usual form

o B2 EY  E*
By 5 g

F= | gy e (21.19)
C
~£ py -B* 0

21.2 Energy-Momentum Tensor for E&M

We now understand the Lagrangian density (21.3) as the appropriate in-
tegrand of the action for the electromagnetic potential, or at least, the
source-free E&M form. Our next immediate task is to identify the energy-
momentum tensor for this field theory, and we will do this via the definition
of the T" tensor:

_ oL
T — (g £ 42 > 21.20
(g o (21.20)
with ]
L=F"(A,,—Au)— 5 F Gao gsp FOP. (21.21)

The most important term is the derivative w.r.t. g,,,,, appearing in the second
term above — we can simplify life by rewriting one set of dummy indices so
as to get a g, in between the two field strengths. Remember that we could
do this on either of the two metrics, so we will pick up an overall factor of

Zagain using Minkowski, the “usual” gradient is a covariant tensor, while the four-
potential A" is naturally contravariant, so it is A* that is represented by (¥7 AT AY A7)
for example. Raising and lowering changes the sign of the zero component only.
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21.2. ENERGY-MOMENTUM TENSOR FOR E&M Lecture 21

two:

0 1 0 1
Z Fop FoB ) = Z FvP FHe
s (77 000007 ) = 5 (57 e )

= F"" gg, F"0.

(21.22)

Putting this together with the field relation between F'*¥ and the derivatives
of A,, we have

1
T = — <gW (2 FoP Fag> —2F" gg, Fﬂﬁ)

. (21.23)
=9 <FW 7y — 1 g P8 Faﬂ> .

Overall factors in a free Lagrange density do not matter (field equations
equal zero, so there is no need to worry about constants). For coupling to
matter, however, we must put in the appropriate units. One way to do this
is to connect the stress tensor to its known form. Suppose we started from
the action Sy = a Sy, then the energy-momentum tensor is

1
T =2« (Fﬂﬁ F— 59" FoB Faﬂ> . (21.24)

Take the zero component of this,
00 1
T :a<B-B+2E-E>. (21.25)
c

The usual expression for energy density is given by (Griffiths (8.32), for
example):

1 1 €0
=-|eE*+—B*)=—(E°+*B? 21.26
u=g (eo + o > 5 (E*+ ¢ B?) ( )
so evidently, we can identify
2
T = O; u— T =u fora= %. (21.27)
€pC

With this factor in place, we have the final form

1 2, 212
([ e (E*+*B?) ceExB
™ = ( O ExB ) (21.28)
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with 7% the usual Maxwell stress tensor:

g T R
T = ¢ (E B — 2 Y E2> +eoc? <B’ BI — 2 Y BQ> . (21.29)

We have the association %Toj = ¢g E x B, the familiar momentum density
from E&M. The energy density is indeed the 7% component, and the spatial
portion is (the negative of) Maxwell’s stress tensor.

21.2.1 Units
The above allowed us to set SI units for the action via the prefactor wc? _

2
ﬁ, the electromagnetic action reads:

1 1
Sv = m /dT\/jg (Fﬁw (AV:N - Au,u) D) Fr Yoy 9pv Faﬁ) , (21.30)

but this is not the most obvious, certainly not the most usual, form for

the action formulation of E&M. Most common are gaussian units, where E

and B have the same units. The basic rule taking us from SI to gaussian
i

‘. 1 . 1 _ 2
is: €0 — 75, o — & (ensuring that o = ¢ ), and ¢cB — B. For

example, the electromagnetic field energy in a volume in SI units is:
1 2 L
U: - EOESI+7BSI dT (2131)
2 Ho
using our conversion, we have

1 1 2
U=- [(-—E*+—B%|d
2/<47T +M0 SI) !

= % (E2 + B2) dr.

(21.32)

We can convert the action itself — in its usual form, we write the action
entirely in terms of the field strength tensor F*”, so we lose the connection
between the potential and the fields.

1
= — 24
Sv =15 | A7 F* Fu, (21.33)

where the ¢? that was in the numerator from pg — %r got soaked into
the field strength tensor — because it is quadratic, the integrand depends
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21.3. CONSERVATION OF ANGULAR MOMENTUM Lecture 21

on components like ~ EZCQEJ and the ¢? out front kills that, and in addition,
~ Bfgl Bgl which becomes, upon multiplication by ¢?, just ~ B*BJ. In
other words, the field strength tensor in gaussian units looks like (21.19)
with ¢ — 1. As a final note, you will generally see this action written with
an overall minus sign — that is convention, and leads to a compensating sign
in the stress tensor definition — regardless, keep the physics in mind, and
you will be safe.

21.3 Conservation of Angular Momentum

Given the conservation of the energy-momentum tensor itself, we can also
construct the angular momentum analogue — define:

MY = g e — gy phe (21.34)
then we have the derivative:

oM

i T8 — TP =, (21.35)
X

from the symmetry of the stress tensor. This gives us a set of conserved
quantities in the usual way:

1 oMo MY
- 0 = —8 . (21.36)
c Ot ox?
or, in integral form:
d L op %
— [ =M"PVdr = — ¢ M7 da,. (21.37)
dt c

The left-hand side represents six independent quantities — of most interest
are the spatial components — let J*? = M%7 then the densities are just as

we expect: N N o o
JU = MY = gt 790 — g3 70 (21.38)

so that, in terms of the spatial components of momentum, we have:
J9 =glp) — 2l pt, (21.39)

precisely the angular momentum.
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