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Abstract

It is known that the generalized Laguerre polynomials can enjoy subexponential growth for large
primary index. In particular, for certain fixed parameter pairs (a,z) one has the large-n asymptotic

behavior
LEYD(=2) ~ Cla, z)n~ 9271/ 4e2Vnz,

We introduce a computationally motivated contour integral that allows efficient numerical Laguerre
evaluations, yet also leads to the complete asymptotic series over the full parameter domain of subex-
ponential behavior. We present a fast algorithm for symbolic generation of the rather formidable
expansion coefficients. Along the way we address the difficult problem of establishing effective (i.e.
rigorous and explicit) error bounds on the general expansion. A primary tool for these developments
is an “exp-arc” method giving a natural bridge between converging series and effective asymptotics.

1 The challenge of “effectiveness”

For primary integer indices n = 0,1,2,... we define the Laguerre polynomial thus:
e o )
—2z) = —.
" = \n— k) k!

Our use of negated parameters —a, —z is intentional, for convenience in our analysis and in connection
with related research, as we later explain. We shall work on the difficult problem of establishing
asymptotics with effective error bounds for the two-parameter domain

D:={(a,2) eCxC: 2 ¢ (—00,0]}.

That is, a is any complex number, while z is a complex number not on the negative-closed cut (—oo, 0].

Herein, we say a function f(n) is of subexponential growth if log f(n) ~ Cn” asn — oo for positive
constants C, D with D < 1. It will turn out that D is the precise domain of subexponential growth
of Lgfa)(—z) as n — 0o, with (a, z) fixed. The reason for the negative-cut exclusion on z is simple:
For z negative real, the Laguerre polynomial exhibits oscillatory behavior in large n, and is not of
subexponential growth. Note also, from the definition (1), that

LED(0) = (” - “), (2)

n
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which covers the case z = 0; again, not subexponential growth.
For fixed (a,z) € D we shall have the large-n behavior (here and beyond we define m := n + 1
which will turn out to be a natural reassignment):

_ 1
LG (=z) ~ S(a,2) (1 +0 (ml/g)) ; 3)
where the subexponential term S, is
e—2/2 RN

Sn(a,z) = o7 Z1/A=a/2 i/itaj2’ (4)

In such expressions, £ (v/mz) denotes \/m|z|cos(0/2) where 0 := arg(z) € (—m, 7] (we hereby impose
arg(—1) := 7), and so for (a,z) € D the expression (4) involves genuinely diverging growth in n.

1.1 Research motives

There are many interdisciplinary applications of Laguerre asymptotics. The Laguerre functions appear
standardly in the quantum theory of the hydrogen atom [48, Ch. 4] and in certain exactly solvable
three-body problems of chemical physics [13][14]. The so-called WKB phase of a quantum eigenstate
can, in such cases and for high quantum numbers, be calculated via Laguerre asymptotics. The Hermite
polynomials H,,(x)—closely related to the Laguerre polynomials Lﬁf 1/2) (?)—also figure in quantum
analyses; e.g.one may derive Hermite asymptotics from Laguerre asymptotics. In this context there
is the fascinating Lopez—Temme representation of any L%_a)(—z) as a finite superposition of Hermite
evaluations [24].

Our own research motive for providing effective asymptotics involves not the Laguerre-Hermite
connection, rather it begins with a beautiful link to the incomplete gamma function, namely [19]

7 1 o= (1—a)y, 1
I(a,z) = 2%~ = z% 77 g ' ) (5)
— ' — —
P+ ———— = (DN L () 19 (—2)
1+ 2—a
z+
14

where (¢), :=¢(c+ 1) -+ (c+n — 1) is the Pochhammer symbol. This series is valid whenever none
of the Laguerre denominators has a zero. Thus an interesting sidelight is the research problem of
establishing zero-free regions for Laguerre polynomials (see our Open problems section).

The problem, then, of general Laguerre asymptotics arises because there is a way to write Riemann
zeta-function evaluations ((s) in terms of the incomplete gamma function, as was known to Riemann
himself [42, p. 22]. But when s has large imaginary height, one becomes interested in the incomplete
gamma’s corresponding complex parameters (a, z) also of possibly large imaginary height [11][12]. For
example, in the art of prime-number counting, say for primes < 102°, one might need to know, for
example, I' (3/4 + 100 4, z), for various z also of large imaginary height, to good precision, in order
to evaluate ((s) high up on the line R(s) = 3/2. The point is, exact computations on prime numbers
must, of course, employ rigor—hence the need for effective error bounds.

Independent of Riemann-( considerations is the following issue: Continued-fraction theory is to this
very day incomplete in a distinct sense. The vast majority of available convergence theorems are for
Stieltjes, or S-fractions. Now the continued fraction in (5) is an S-fraction only when the a parameter
is real [25, p.138]. Due to the relative paucity of convergence theorems outside the S-fraction class,
one encounters great difficulty in estimating the convergence rate for arbitrary I'(a, z); this is what led
to our focus on the Laguerre asymptotics. Incidentally, we are aware that subexponential convergence
results might be attainable via the complicated and profound work of Jacobsen and Thron [21] on oval
convergence regions. In any case, our effective-Laguerre approach proves subexponential convergence
of I'(a, z) for any complex pairs (a,z) € D; moreover, this is done with effective constant factors.
Separate research on these superexponential convergence issues for continued fractions is underway.



1.2 Historical results on Laguerre asymptotics

Laguerre asymptotics have long been established for certain restricted domains, and usually with
noneffective asymptotics.! For example, in 1909 Fejér established that for z on the open cut (—oo,0)
and any real a, one has [38, Theorem 8.22.1]:
6—2/2

Jm(—2)1/A=al2 i/atal? cos

LEY(—2) = (2v=mz+ar/2 —7m/4) + O (m_a/2_3/4) ) (6)
where we again use index m := n+ 1, which slightly alters the coefficients in such classical expansions,
said coefficients being for powers n~%/2 but we are now using powers m~*/2. By 1921 Perron [36] had
generalized the Fejér series to arbitrary orders, then for z ¢ (—oc, 0] established a series consistent
with (3) and (4), in essentially the form: [38, Theorem 8.22.3]

(—a)(_ ) — N_lﬁ —N/2
LED(=2) = Sula,2) | Y2 —5 +0 (m™V2) ). (7)

although this was for real a and so not for our general parameter domain . Note that Cy = 1,
consistent with our (3) and (4); however, one should take care that because we are using index
m :=n + 1, the coeflicients C}, in the above formula differ slightly from the historical ones.

A modern literature treatment that is again consistent with the heuristic (3)—(4), is given by
Winitzki in [47], where one invokes a formal generating function to yield a contour integral for
L%_a)(—z). Then a stationary-phase approach yields the correct first-asymptotic term, at least for
certain subregions of ID. Winitzki’s treatment is both elegant and nonrigorous; there is no explicit
estimate given on the O(1/4/m) correction in (3).

There is an interesting anecdote that reveals the difficulty inherent in Laguerre asymptotics.
Namely, W. Van Assche in a fine 1985 paper [43] used the expansion (7) for work on zero-distributions,
only to find by 2001 that the C term in that 1985 paper had been calculated incorrectly. The amended
series is given in his correction note [44] as

—z/2 2 2 2
L(_a)(_z): o2/ e2vnz (i 3—12a% 4 24(1 — a)z + 4z i—i—O 1 ’
n Qﬁ S1/4—a/2 pl1/4+a/2 48\/5 \/ﬁ n

or in our own notation with m :=n + 1,

— S(a,2) <1+<312a2i§$§+“)2+422)%+0(;)>. (8)

Note the slight alteration used to obtain our C/+/m term. Van Assche credits T. Miiller and F. Olver
for aid in working out the correct O(1/4/n) component.? This story suggests that even a low-order
asymptotic development is nontrivial.

The great classical analysts certainly knew in principle how to establish effective error bounds. The
excellent treatment of effectiveness for Laplace’s method of steepest descent in [28] is a shining example.
Also illuminating is Olver’s paper [27], which explains effective bounding and shows how unwieldy
rigorous bounds can be obtained. However, efficient algorithms for generating ezplicit effective big-O
constants have only become practicable in recent times, when computational machinery is prevalent.

2 Contour representation

In this section we develop an efficient—both numerically and analytically—contour-integral represen-
tation for L%_a)(—z).

1Some researchers use the term “realistic error bound” for big-O terms that have explicit structure. We prefer “effective
bound,” and when an expansion is bestowed with such a bound, we may say “effective expansion.”
2 Accordingly, we hereby name the polynomial Ci(a, z) the Perron—van Assche-Miiller-Olver, or “PAMO?” coefficient.



2.1 Development of a “keyhole” contour

A well-known integral [38, §5.4] has contour, I', encircling s = 1 and avoiding the branch cut (—oo, 0]:

e ”? 1\ "t
LEY(—2) = 57 j{s*l*a <1 - s) e** ds. (9)

This representation holds for all pairs (a,z) € C x C, n a non-negative integer.3

However—and this is important—we found via experimental mathematical techniques, e.g. extreme-
precision evaluations, that a specific kind of contour allows very accurate, efficient, and well behaved
numerical Laguerre evaluations. It is not completely understood why the “keyhole” contour we are
about to define does so well in numerical Laguerre evaluations; we do know that this new contour
consistently provides better numerics than, say, a simple circle surrounding s = 1. It may be simply
the internal quirks of various modern numerical integrators at work, or it may be the smooth phase
behavior along our keyhole’s perimeter.

For the desired contour, take z # 0, m := n + 1 and assume r := y/m/z has |r| > 1/2. Then,
use a circular contour centered at s = 1/2 with radius |r|. This contour will encompass s = 1, so the
remaining requirement is to avoid the cut s € (=00, 0] as can be done by cutting out a “wedge” from
the negative-real arc of the circle, with apex at s = 1/2. We tried such schemes with high-precision
integration, to settle finally on the contour of Figure 1, where the aforementioned wedge has evolved
to a “keyhole” pattern consisting of cut-run D; and small, origin-centered circle E; of radius 1/2.

s= 12 4+ rei®

it

.

11121

Figure 1: A numerically efficient “keyhole contour” for Laguerre evaluations Lgl_a)(—z), valid for all
complex a,z with z # 0 and n + 1 > |z|/4. Wedges with center-1/2—as pictured at right—are exper-
imentally accurate, leading to a “keyhole” deformation avoiding the cut s € (—o0,0]. It turns that for
any (a,z) € D, the main arc C; gives the predominant contribution for large n, the D, E; components

being subexponentially minuscule.

So, adopting constraints and nomenclature:
z#0, 6:=arg(z), wy:==x71+6/2,

m:=n+1, r:=+/m/z:=+\/m/|zle”? R:=|r|>1/2,

but no other constraints, we have the following representation:

LED(—=2) = ei4di+eq, (10)

3The contour representation (9) can easily be continued to non-integer n, with care taken on the (—n — 1)-th power, but

our present treatment will only use nonnegative integer n.



where c1,dp, e; are the respective contributions from contour C7, cut-discontinuity D;, and contour
FE; from Figure 1. Exact formulae for said contributions are

1 ws .
c1 = 2—7"_“6_2/2/ Hm(a,z,e_’“’)eQWCOS“’ dw, (11)
7r W
e~ % R—-1/2 1 —m
d = sin(ﬂ'a)/ A (1 + ) e *T dT, (12)
Vs 1/2 T
e—z ™ i 1+LL . —m 4w+£ iw
e = - /_ﬂ (2e7™) T (1—2e7™) T e3¢ dw, (13)

and when m > R(a) we may write this last contribution by shrinking down the radius-1/2 contour
segment to embrace the cut (—1/2,0], as

s

e~ % 1/2 1\ ™
e1 = sin(ﬂa)/ T (1 + > e T ar. (14)
O T
For the ¢y contribution above, we have used the function H,, defined by

Hm(a,z,v) = va(1—|—£>7lia [F(E)}m7 (15)

2r r
14t/2\ _,
F(t) = 1
0= (155« (16)
which for small ¢ can be written F(t) =1+ t3/12+t°/80+--- =1+ O(¢3).

In any event, eq, like dj, is subexponentially small relative to ¢;, for large n and (a, z) € D. It is to
be stressed that decomposition (10) holds for all (a,z) € C x C,z # 0, as long as m :==n + 1 > |z|/4.
We remind ourselves of (2) for z = 0. This means that such contour calculus applies to both oscillatory
(Fejér) cases, where z is negative real, and subexponential (Perron) cases for the stated parameters.

2.2 Numerical success on the keyhole contour

The triumvirate c1,d;, e; of integrals is suitable for accurate Laguerre computations, which compu-
tations do show that integrals dy, e, tend to be subexponentially small relative to ¢;. This, of course,
is our motive for so identifying the contour terms. An example, using the defining series (1) with
(a,z) :=(—4,—1 —1) is:

i . 3. .
LOM+i) = —== 4+ 250 & —0.47569444444444444444 + 1 1TT777TTTTTTTTTTTTTTi,

while the contributions from the C4, D1, F; segments of the contour of Figure 1 are
c1 ~ —0.44406762576110996056 + 0.817222822727058912411,

di =~ —0.03169598827425878852 4 0.360655916397216575871,
e; ~ 0.00006916959092430464 — 0.000100961346497710511,

with the sum ¢; + dy + e; giving Lg)(l + 1) to the implied precision.



Remarkably, this “keyhole-contour” approach has the additional, unexpected feature that for some

parameter regions the contour evaluation of LS{”(fz) is actually faster than direct summation of the
defining series (1). A typical example is: For the 13-digit evaluation

L2302 (—30 + 3i) ~ (0.9275136583293 + 1.7406691595239i) x 10'0%

the defining series (1) was, in our trials, slower than the integral c;.*

3 Effective bounds on the contour components

3.1 Theta-calculus

We now introduce a notation useful in effective-error analysis. When two functions enjoy

1f(2)] < g(2)l

over some relevant domain of z values, we shall say that

f(z) =0(g(2), or f(z) =6:9(2)

on said domain. Thus, the ©-notation is an effective replacement for big-O notation. The reason for
allowing the notation © : ... is that a long formula g can run arbitrarily to the right of the colon.

Incidentally there is a literature precedent for such a “theta-calculus.” Namely, in computational
number theory treatments such as [10] one encounters terms such as, say, 0/ log2 xr, with a stated
constraint § € [—10, 10]. This means the term is O(x/ log? ) but with effective big-O constant bounded
in magnitude by 10. In our nomenclature we would use O : 10z/ log” .

3.2 Effective bound for e;

First we address the integral e; as given in relation (13). We need some preliminary lemmas, starting
with a collection of polynomial estimates to transcendental functions.

Lemma 1 The following inequalities hold for the respective conditions on w:

log9

log(5 — 4cosw) > %w{ w € [-m,7;

Y
4

log(1 4+ w) > FW, W€ [0,1/2];

T
arcsinw < —w, w € [0,1/V2];
<7 0,1/v2]

in, we [-m/2,7/2].

cosw <1-— 5
T

Proof. All four are straightforward calculus exercises. QED

Lemma 2 Consider integrals of error-function class, specifically, for nonnegative real parameter p,

Vu(a,ﬂ,fy) ::/ (3;2)/—‘620456—[312 dx’
vy

40f course, series acceleration as in [4] would give the direct series a “leg up.” Still, it is remarkable that contour integration
is competitive. For the record, we compared Mathematica’s numerical integration to its own LaguerreL[ ] function.



where each of a, 3,7 is real, with a, 3 > 0. Then we always have the bound

Vola, B,7) = O : \/g e%.

If in addition v > 2/, we also have

I(p+1/2)

1
Vila,8,7) =6 2 (3= 2a/y)p1/2

finally, if v > 4a /8 we have

19 D(p+1/2)
Vila, B,7) =0 2¢ 1z guti/z

Remark: We use the double-exponential (z?)* because the first case of the theorem allows v < 0.

Proof. Completing the exponent’s square gives the first bound easily, since
Vo= eaz/ﬁ/ e Ba—a/B? gp — 9. /B
2t

For the second bound, it is elementary that for > + one has 2ax — 322 < 2%(2a/y — 3), so that
(oo}
v, < / L2 (B=20/7)2% 4,
0

and the resulting bound follows. The final bound follows immediately from the previous bound, because
~ > 4o/ implies 5 — 2a /vy > (/2. QED

Theorem 1 The contour contribution eq defined by (13), under conditions (a,z) € D and m suffi-
ciently large in the explicit sensem := n+1 > mg := [z]/4, m >my :=5 (|R(z)| + (|S(a)| + [S(2)]/2)?),
is bounded as 1

e1=0: 67’2/22%(“”3%.
Moreover, under alternative conditions (a,z) € D and m > mg, m > ms = R(a), m > mz :=
—312| cos 6 we have a bound
—z 2§R(a)—m
sin(wa)

e
a=9: 7r m — R(a)

Proof. The proof involves careful application of Lemmas 1, 2 to the integral forms (13), (14); for
brevity we omit these details. QED

3.3 Effective bound for d;

Again we need an opening lemma:

Lemma 3 Consider integrals of the incomplete—Bessel class, specifically

where each of a, B is real, with 8 > 0. If B > a we have a bound

1 s
_ .o, —B—a [T
W=0: 26 5



Proof. We write

1 1
W(a,8) = / fr—aw o—pa—3 dz < e’B_a/ e~Ba=2 d—x
0 €T 0 T

This last integral is a modified-Bessel term K, (243), and has the required bound [2, Lemma 1]. QED

Theorem 2 The contour contribution d; defined by (12) can be bounded, under conditions (a,z) € D
and m > my = 4|z|, as

z/2
di=0: eTmlm(“)l/Q_l/‘L‘Z|_|§R(a)‘/2—1/4 Sin(wa)e_chosz g
™

Proof. Starting from (12) one applies Lemma 3; again for brevity we omit the details. QED

3.4 Rigorous estimates on ¢;

Having dispensed with d;,e;, we next show the integration limits w_,w; on the ¢; contribution can
be changed—with a subexponentially small error penalty—to —m /2, 7/2 respectively:

Lemma 4 For any v on the unit circle {¢'® : ¢ € (—m, 7]}, any compler a, and any real R > (1+]al)/2

we have
1 v\ l-a < 1
'( tom) S

1+|a|
1- 2R

Proof. Via the binomial theorem,

v \~l-a 1 o[ 1\ 1
— < — —_— = ————,
‘(1+2R) ‘—H(H'“')QRHH'“') <2R> te = T i

QED

Lemma 5 Let v be on the unit circle as in Lemma 4, let R > 1 be real, and let m be a positive integer.
For the function F appearing in (16), we have the bound

HONE

Proof. From the definition (16) we have

<

=

F(u/R)™ = ets 7 (14(3/5)/ R +(3/)/2R)*+...)

For R :=1 the infinite sum is no larger than 1.18 and is monotonic decreasing in R. QED

Lemma 6 Let v be on the unit circle as in Lemma 4 and define for nonnegative integer m

K = (1 n %)71%1? (%)m.

For the assignments (a,2) € C x C,z # 0, R := \/m/|z| > 1,m > ms := |2|(1 + |a| + |2|/2)? we have

K=0:2.



Proof. From Lemmas 4, 5 we have

e6 1+lal+]z]/2

T 2(0Ha[+]2]/2)
The fact that the right-hand side is ©(2) follows from the observation that the function

1

—3 ¢3 20F=
2Q+x
for @ > 1,z € [0,00) is itself ©(2). This in turn follows easily on substituting y := x/(2Q + z). Now
he function to be bounded is g(y) := (2/(1 +y))e¥/ on y € [0,1/2]— as differentiation settles. QED
These lemmas in turn allow us to contract the range on the c¢; contour integral:
Theorem 3 Decompose c¢1 as defined by (11) into two terms,
€1 1= ¢ + C2,

with ¢ involving the integral’s range contracted to [—m/2,7/2], namely

1 /2 )
o= —r % /2 Hon (@, 2, €7 )e2VMZ05@ gy
27 —m/2
Then under conditions (a,z) € D and m > ms := |2|(1 + |a| + |2|/2)? we have a bound

cp=0: r0e=#/2e57IS(a)]

Proof. Tt is evident that co is obtained from the definition (11) but with the integral replaced via

[0y

Over these domains of integration, we have e?V™#¢s« = ©(1). Thus, Lemmas 4, 5, 6 show

1 —m/2 W )
Co =0 : —p e ?/2 / —|—/ 2 ’e_“"a{ dw.
27 w_ /2

As the total support of the integrals cannot exceed 7, the desired ¢y bound follows. QED

3.5 Summary of the contour decomposition for Lgl_a)(—z)

The above manipulations lead to the main result of the present section, namely a formula that decom-
poses the Laguerre evaluation, as in

Theorem 4 (Contour decomposition) Let (a,z) € CxC be an arbitrary parameter pair with z # 0
(with z = 0 cases resolved exactly by (2)). If m :=n+1=mg > |z|/4, then the contour decomposition

LEY(=2)=co+ &

holds, with cg,ca as defined in Theorem 8 and £ := co + dy + e1. If an appropriate set of conditions
on m across Theorems 1, 2, 8 holds, then we can write

Lv(;a)(_z) =co+ Sn(aa Z)gl,
where £1 is subexponentially small, in the sense that for any fized positive € the large-n behavior is

=0 (67(276)\/”%%5%) .

Moreover, an effective big-O constant is available (the proof exhibits explicit forms).



Proof. The contour calculus holds for all complex pairs (a, z) with z # 0, R := y/m/|z| > 1/2, which
assures that the point 1 is contained in the contour. It remains to analyze £;. Consider, then, an appro-
priate union of conditions from the cited theorems, say (a, z) € D and m > max(mg, m1, ma, ms, mq, ms),
in which case we have, from Theorems 1, 2, 3 (in that respective order of © terms):

—z/2 1+R(a)—m
£,=0: e\f/ Sil’l(ﬂa)2 (éR)( ) 21/4—a/2m1/4+a/26—2«/m|z|Cos%
™ m — a
(R(a)+IR(a)])/2
+@ 12 <7771|> egﬂ|%(a)|672\/m|z|(cosr" g+cos%)
z

+0O: Zﬁ |mz‘1/4e%ﬂ'|s(a)|6*2mcos%'

This explicit bounding of the error term &; proves the big-O statement of the theorem, while for any
choice of € an effective big-O constant can be read off at will. QED

4 Effective expansion for the H-kernel

Theorem 4 shows the main contribution to Lg{l)(fz), for (a,z) € D, with r:= y/m/z,|r| > 1/2, is

1 /2 .
co = 7T—ae—z/2 Hom (G/’Z’e—zw) 62\/mzcosw dw, (17)
2m —m/2

with the integration kernel H,, defined, see (15) and (16), as

—l-a /1 4+ X m
Hm(a,z,v) = v° (1 + 2%) (1 — 3:) e T, (18)

where in the integral we assign v := e~%. We need to obtain the growth properties of H,,.

4.1 Exponential form for H,,

Lemma 7 For |[v| =1 and m > |z|/4, the H-kernel can be cast in the exponential form

. ap 1
Hym = v%exp ;?W ) (19)

where

ar = (I+a)(=1)* (”f)k + (1= (-1)k) kiﬂ (“f)w : (20)

Moreover, we have the general coefficient bound
k
z
al < () @+l +1e1/2) (21)

Proof. (18) can be recast, with p := v/(2r), as

Hpm = v"exp {—(1 + a)log(1l + p) — 2mp + m (log(1 + p) —log(1 — p))}. (22)

10



Since |r| > 1/2 and |v| = 1, the logarithmic series converge absolutely and we have

H,, = v¥exp Z

= k 2 2k +1 2

(1+a) (~1)F (W)’“gk+ 2 (f)+g] | 23)

where g := 1/4/m, and the precise form (20) for the aj, follows immediately. The given bound on |ay|
is also immediate from (20). QED

4.2 Exponentiation of series

Though Lemma 7 is progress, we still need to exponentiate a series, in the sense that we want to know,
for the following expansion, given the sequence (ay),

exp Z%x’“ ::ZAh;vh,

k>1 h>0

how the A; depend on the ai. The combinatorial answer is

h

1 . PR a’L1“'a’L]'
A=) = Gu(d@),  GuGid) = o

1 I D,
=0’ hat..thj=h ! J

with the understanding that G, (0, @) := dop, and that such combinatorial sums involve positive integer
indices h;. One useful result is:

Lemma 8 If all coefficients ai, = 1, then for j >0

— 1 1 - 1 i—
Gh(];l) = O = 0: 7(2Hh,j+1)] ! = 0: 7(2’7+210gh>j 1.
2 hy---h, h h
hi+...+h;=h

Here, Hy:=1+1/2+ --- 4 1/p is the p-th harmonic number, Hy := 0, and ~y is the Euler constant.

Remark: It turns out that G here enjoys a closed form of sorts, namely
L Ny
Gr(j;1) = m(—l)h s,

where S denotes the Stirling number of the first kind, normalized via z(x — 1)---(x — h + 1) =:

Z?:o S}(Lj )29, So one byproduct of our lemma is a rigorous bound on the growth of Stirling numbers;
see [1, 24.1.3,I11] and [39] for research on Stirling asymptotics.

Proof. The first ©-estimate arises by induction. For notational convenience we omit the vector I and
just use the symbol Gy (j). Note Gy(1) = 1/N and Gn(2) = 2Hy_1. Generally we have

N—J-i-l1
Gn()= Y <Gy (= 1),
j=1

Now, assume by induction that G (j) =©: + (2Hh,j+1)j71, holds for all j < J. Then

N—j+1 2.]72H]{,—2J o 2.],2 p N—-J+1 1 1
G(N,J) < o < Hy? (+)

j=1 j=1

11



Now this last parenthetical term is Hy_ 1 + Hy—1 — H; which, because H, — Hy, < H,_; for any
positive integer indices a > b, is bounded above by 2H _ j41, which proves the first ©-bound of the
theorem. For the second §-bound it suffices, since H; is increasing, to show that H,_1 > v+ log(n),
which is an elementary calculus problem. QED

Though we do not use Lemma 8 directly in what follows, it is useful in proving convergence for
various sums > A", and may well matter in future research along our lines.

Lemma 9 Lety > 1 and x € (—1,1) be real. Then in the expansion
ok A
exp iy Z (= Z Yix
k>1 h>0
the coefficients Yy, enjoy the bound Y, = © : y".

Proof. First, Yy = 1 < 1. The left-hand side is exp(—ylog(l — z)) = (1 — )¢ whose binomial
expansion has h-th coefficient (h > 1) equal to

yly+1)---(y+h—1 114+1/y 14+((h-1)/y
TR IS RLES VI R UL/

QED

4.3 Effective expansions of exponentiated series

We are now in a position to derive an effective expansion for an exponentiated series, starting with

Lemma 10 Assume complex vector b of defining coefficients by, bounded as |by| < cd® for positive real
¢, d with ¢ > 1. Assume also |z| < 1/(2¢d). Then for any order N > 0 we have an effective expansion

N—1
b
exp Zf:ﬂk = Z Bpah +© 2N a2,
k>1 h=0
where .
Gr(j;b
B =y S
PR

are the usual coefficients of the full formal exponentiation.

Proof. Denoting f(z) := exp {Ek21 %xk} we have

N-1

f(z) = Z Bpa" + Ty,

h=0

with remainder Ty = >, 5 By, having By, coefficients given by a G-sum as in Lemma 10. Now,

h T h LR
G (55 0)] 1Gn (55 )|
[ Bn| < Z 4! = Z 4! ’
§=0 j=0
where f = (cd* : k> 0). By Lemma 9 we know that |By| < (cd)". Therefore
NN N

— =0:2 N
T oda © : 2(cdx)

Tn| < ) (ed)'a” =

h>N

12



QED

Finally we arrive at a general expansion—with effective remainder—for the H-kernel:

Theorem 5 (Effective expansion for H,,.) For general complex (a,z) € C x C, assume m >
ms = |z|(1 + |a| + |2]/2)? and |v| = 1. Then for any expansion order N > 0 we have

N—1
_ a Ah . ms N/2
Hm (a,2,0) =v <th/2 + @.2(%) ,
h=0
where, on the basis of the defining coefficients ay, given in (20),
h .
Gh(j;a) - Ahy - Gy
Ay = _— Gh(j;ad) = —_— 7
h Z ]| 5 h(]7a) Z hlh]
j=0 hi+...+hj=h

Proof. The result follows immediately from Lemma 10, on assigning b= a, with  := 1/y/m, c¢:=

L+ |a| +2]/2, d:= (1/2)V/]7]. QED
Note that Theorem 5 in the instance N = 0 implies our previous Lemma 6. It is interesting and

suggestive that the threshold ms := |z|(1 + |a| + |2|/2)? appears in these results rather naturally.

4.4 Effective integral form for ¢,

To obtain a useful form for ¢y, the dominant component of L%_a)(fz), we use Theorem 5 to obtain:

Theorem 6 For (a,z) € D and m > ms, the dominant component of Theorems 3 and 4, namely

2

1, m/ »

o= —r % /2 Hon(a, 2, e )2V mzcosw g,
2T 77r/2

can be given an effective form for any order N > 0, as

1 / N-1 1 m/2
.~ —a,—2z/2 —iwa 2y/mz cos w
co = 27T7“ e hz;) Yo /_ P e Ape dw

+ Sp(a, z) &2 N,

where the error term is bounded as

T rms\N/2 723 (a)? sec ¢ 120
& :@:—<—) exp | —————2 | sec'/? =
2N V2 \4m P ( 32\/ml7] 2

and the Ay, are to be calculated as the first N coefficients of

iAhxh 1= exp Z a—;xk ,
h=0

k>1

via (20) with v := e,

13



Proof. Inserting the effective H-kernel expansion from Theorem 5 directly into the ¢y integral gives
the indicated sum over h € [0, N — 1] plus an error term

/2
o irfaefz/QQ (%)N/Q/ ew%(a)672\/m\z\cos(9/2) cosw g,
2 4m —7/2

Using Lemma 1 on cosw and the Vp-part of Lemma 2 we obtain the £ n bound of the theorem. QED

With Theorem 6 we have come far enough to see that a Laguerre evaluation can be obtained—up
to a subexponentially small relative error—via the Aj terms in said theorem. To this end, inspection
of the defining relations reveals that in general we can decompose an Ay, coefficient in terms of powers

of v := e~ ™, namely we define a, , terms via
h
Ay =: Z pu(a, 2)o" T2, (24)
u=0
For example,
1 3/2 1
Qoo — 1, [ 7£2’1/2, Q11 = %, 3] = @ (5&2 + 15a + 16) 2’5/2.

2

The point being, we now have special formulae for the dominant contribution ¢y, namely

N-1 h
1 1
.~ —a,—z/2
c = 5t };} mh/2 ;ah,u(a,z) I(2vmz,a+h+2u) + Sy(a,z) & N, (25)
where the integral
/2 )
Z(p,q) := / e W ePOS@ iy (26)
—m/2

thus emerges as a fundamental entity for the research at hand.

5 Z-integrals and an “exp-arc” method

Having reduced the problem of subexponential Laguerre growth to a study of the Z-integrals (26),
we next develop a method that is effective for both their numerical and theoretical estimation. This
method amounts to the avoidance of stationary-phase techniques, employing instead various forms of
exponential-arcsine series, as we see shortly.

Let us first define, for any complex pair (p, q) and «, 8 € (—m, 7),

B
I(p.q,, B) ;:/ e I eP R duw, (27)

[e3

so that our special case (26) is simply Z(p, q) := I(p,q, —7/2,7/2).
Importantly, one may write the Bessel functions J,, of integer order n in terms of Z-integrals:

_ 1 —imn/2q(; intn/2 .
Jn(z) = 5 (e Z(iz,n)+e ( zz,n)) , (28)
and the modified Bessel function, again of integer order n:
1
I.(z) = Py (Z(z,n) + (-1)"Z(-z,n)), (29)

about which representations we shall have more to say in a later section.’

®The 7T integral can also be written in compact terms of an Anger function J and Weber function E—see [1].
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5.1 Essentials of the exp-arc method

Now we investigate what we call exponential-arcsine (“exp-arc”) series. First, for any complex 7 and
€ [-1,1], one has a remarkable, absolutely convergent expansion (see [5]):

T arcsin x - x
z:: 17 (30)

where the coefficients depend on the parity of the index:
m m
Tom+1(T) =T H (72 + (25 — 1)2) , Tom(T) = H (7'2 + (25 — 2)2) .
Jj=1 j=1
By differentiating with respect to x we obtain
T arcsin x

xk
1—3:2 N ZT}Hl k‘i

valid for € (—1,1). In particular, we have the important expansion (using a function G, in passing)

e

sh(7 arcsin x > 2k
Gira) = IR - gl (31)

where
k
H (25 — 1% +77).

These exp-arc expansions may be applied to the I(p,q, a, 3) integrals as follows.® From (27) and
its subsequent manipulations we have

B

J¢] sin —2iqarcsinx

; 2 2 e
I(p7 q7 O[, ﬁ) = ep/ e—lqwe—stHl (w/2) dw = 2@p —pr d.fL‘
@ sin & m
p 9% sin %
LS W / T e g, )
q k=0 . sin &

Even though we eventually consider asymptotic expansions, convergence of such I-series is the rule:

Lemma 11 For a,f( € (—m,m) and any complex pair (p,q), the series (32) converges absolutely.

Proof. Define § := max(]|sin(a/2)|, |sin(3)/2|), so that the integral in (32) is bounded in magnitude
by 2exp(2R(p))6*T1/(k + 1). But this means the k-th summand in (32) is, up to a k-independent
multiplier, bounded in magnitude by ryy1(2|g|)6%*1/(k + 1)!. This summand is of the same form as
that in the defining series (30) so absolute convergence is assured. QED

Likewise, from (31), (32) we have an absolutely convergent expansion for the special-case Z integral:

1/V/2 i
Tpa) = 4 [ G(-2ig.ape —4eng’“ Z;Q)Bk<p>, (33)

5An equivalent approach to expanding I uses a series for €' sec(w/2) in terms of x := sin(w/2), as in [20, p.276].
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where By, is an error-function-class integral

1/v2 1
o 2k —2pa:2 _ = _
Bi(p) = /0 w7 e = 5 (D04 1/2) < Tk +1/2,9)). (34)
A computationally key recurrence relation accrues: with By(p) = g—p erf (\/f)) and k£ > 0, we have
2k —1 2~k=3/2
By (p) := By — —e™P, 35
)= . (3)

5.2 Effective expansion for the cosh-arc G-series

Our asymptotic analysis of representation (33) begins with a lemma that reveals how the G function
(31) has an attractive self-similarity property. Namely, the function appears naturally in modified
form within its own error terms.

Lemma 12 For any complex T the G function (31) can be given an effective expansion to any integer
order N >0, as

cosh (7 arcsin x 2k 2N

N-1
Glr,z) = ¢ﬁ2) - ng(f)& + gN(T)%(l—i—TN(T,x)), (36)
k=0

with the error term Ty conditionally bounded over real x € [0,1/+/2] in the form
Ty = ©O:1 ,if N> 222 7)% - 1;
= 0:(V2a?+alr|)ellesinz - otherwise.

Proof. The error term is, by the definition of the gx(7), given by the absolutely convergent sum

Ty =hn +hnvhvs1 +AvANsihyie + .00,

where

2k+1)2 472
—_ e °.
(2k + 1)(2k + 2)

When |7|22% < (N +1)/2, and since 22 < 1/2, it is immediate that for £ > N we have a bound:
(4k? 4+ 4k +1)/2+ (N +1)/2
4k? 4 5k + 2
whence Ty = ©:1/2+1/4+1/8+ ..., settling the first conditional bound of the theorem. In any

case—i.e. any complex 7 and any = € [0,1/v/2], we have for j > 0:

; 2 2, 2 (2k+1)? )
hnhnt1 - ANt ) : (2N+2k+1) ((2k+1) T (2N+2k+1)% . gj+1(|7—|)
;=

C@N+2k+ 12N + 2k +2)2k + 1) (2j+ )z’

hki

hu| < <1/2,

k=0
However, it is elementary that (25 + 1)!!> > (2 + 1)! by simple factor-tallying, so

(12+]7?)-2 5, (2+[7?) (32 +]7]*) -4 , 0
o1 x° + 1 x —&—~-~—x%G(|T|,x)7

where we have noticed that the right-hand series here is itself a differentiated “cosh-arc” series. Thus

0 cosh(|7|arcsinx) x? _
TN =0:2— =0 ———— (e" “
NSO T 20 DT
where u := |7|arcsinz. Now by excluding 2z2|7|?> < N + 1 for the second conditional bound of the
lemma, we have || > 1, whence the e~ terms can be ignored over z € [0,1/4/2], and the second
conditional bound follows. QED

|Tn| <

ol
a0 )
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5.3 Effective expansion of the Z-integral
We first invoke a classical lemma that bounds the incomplete gamma function for certain parameters:
Lemma 13 For integer M >0, R(z) > 0,z # 0 and |z| > 2M — 1, we have

T(M+1/2,2) = ©:2:M71/2c7%,

Proof. Proofs of results such as these on incomplete-gamma bounds appear in various texts on special
functions, e.g., [28, §. 2.2, p. 110]. QED

The results of the present section may now be applied to a general, effective expansion of the
Z-integral whenever R(p) is sufficiently positive.

Theorem 7 (Effective 7 expansion) For the integral
/2 )
Z(p,q):=I(p,q,—7/2,7/2) = / e 11wl oS du,
—7/2
assume an integer expansion order N > 1. Assume ¢ := arg(p) € (—n/2,7/2) and conditions

R(p) > 2N +1, R(p) > 2n|q|>.

Then we have an effective expansion

N-1 .
2 gk (—2iq) 1 8 _ ™
I(p,q) = — ep{ O/ — e Peosh (g (37)
P = K'8F p ™ (2 )
gn(=2ig) 1 ) N+1/2
+ NISY ¥ <1+9.uNsec ¢) ,

where the gi are as in the cosh-arc expansion (81), and we may take

23N+1
uy =142V + =

() |

however, on the extra condition N > 4|q|? — 1, taking un := 1 suffices.

(38)

Proof. Insertion of the series of Lemma 12 into representation (33) results in

. V2
gr(—2iq) 2zq gn(—2iq v . op?
I p, = 4€p { E k ) + I\E;]V)') /O IQNTN(72Zq,$)€ 2p dl' s

where the By (p) are given by (34). The sum over k € [0, N| here is thus

N
lzgk 22q k+1/2) ) _pz|gk —2iq)] 1
2 )k+1/2 )N 2k+1/2p’
=0
where the ©-term here follows from Lemma 13 on our condition £(p) > 2N + 1. But this very O-term
is bounded above by

1 -p
;= € cosh <2|q| arcsin(l/ﬁ)) ,
p

k=0
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so we have settled the summation and the cosh(w|q|/2) term in (37). Now consider the integral term
1/V/2 .
Iy := / 2N Ty (—2iq, z)e 2P da.
0

Define v := |¢|~'\/(N +1)/8. If v > 1//2 then by Lemma 12 we know T = O(1) and our theorem
follows in the uy := 1 case. Otherwise, v < 1/4/2 and we bound Iy using two integrals

1/vV2 , 1/V2 _ 2
|IO| S/ x2Ne—2§R(p)x d$+/ (\/5 $2N+2 +2|q| $2N+1) 62|q\arcsmx—2§R(p)x dr.
0 el

From Lemma 1 we know that the exponent here can be taken to be m|q|z/v/2 — 2R(p)z?. For the
assignments o := 7|q|/V/8, [ := 2R(p) we have # > 4a/v so that by Lemma 2 there is a bound

1 T(N+1/2)
0= §W +V2 Vnii(a, B,7) + 2lq| VN+1/2(aaﬁa7>
1 T'(NV+1/2) LN I'(N +3/2) o+ I'(N+1)
T 2(2R(p))NH1/2 (2R(p))N+3/2 TERp) V1
Using |q|? < R(p)/(27), R(p) > 2N + 1 with R(p) = |p| cos ¢ yields the N-dependent uy form of the
theorem. QED

6 Effective asymptotics for L “(—z)

At last we may to provide explicit terms for Laguerre expansions in the subexponential-growth regime,
which regime turns out to be precisely characterized by the parameter-pair requirement: (a, z) € D.
First, for convenience we recapitulate the thresholds for sufficiently large m := n + 1 from our
previous theorems:
mo = |2|/4, my =5 (1R(2)| + (1S(a)| + 3(2)]/2)*) ,
my := R(a), ms:=—(5/4)|z|cosf, my =4|z|, ms:=|z|(1+ |a] +|2]/2)?,

5 sec?(0/2) sec?(6/2)
El E
Here, 6 := arg(z) as before, while mg, m7 involve an asymptotic expansion order N > 1. We are aware
that the m; bounds here are interdependent, and some are masked by others (e.g., mq is masked by

my). The important quantity in our central result (Theorem 8, below) is simply max;eo, 7] 7.
Before delving into the central result, let us remind ourselves of previous nomenclature:

my = 4n° (Ja| + 3N — 3)%.

meg = (2N + 1)

k
%m::IUwa+ﬂ7 (39)

o= ot (BE) - i () (40

E+2
ZAhxh ‘= exp Z%xk , (41)
h=0 k>1
h
Ap =) anula, 2" (42)
u=0

Note that the oy, coefficients are thus implicitly defined in terms of the original a;, functions.
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6.1 The general subexponential expansion

Using Theorem 7 with p := 2y/mz, and inserting this into formula (25), we arrive at our desired
effective Laguerre expansion.

Theorem 8 (Effective Laguerre expansion) Assume (a,z) € D. For asymptotic expansion order
N >1, and m := n + 1 sufficiently large in the sense m > max;co,7) M, we have the expansion

1 e #/22Vmz e o Cn

(=a)(_.) = N
LED(—z) = 3 ST i ZO —t —m tE SN, (43)
‘7:
where the expansion coefficients C; are given in finite form.:
J 1 1 Jj—k
k=0 u=
while the error term Cy is bounded as
N 1 0 N—v
oo _ . +1/2 7 _9; _
Cy=06: ; ERETR <1 + uy sec’ 2) ; lan—vu(a, 2) go(—2i(a + N — v + 2u))|

+ ©: 4(ms5/4)N/? sec!/? g,

with u, taking the v-dependent form of (38) in Theorem 7 (with q := a there). Finally, the term & is
subexponentially small (from Theorem 4), as is
4 e w
—_ . —2y/mz n
Esn=0: w\/nTze 2 2 uz:% |, w(a, z)| cosh (2 la+h+ 2u\) .

Proof. For brevity we leave out the details—all of which are straightforward, if tedious applications
of the previous theorems and formulae. QED
We now have a resolution of the domain of subexponential growth, as:

Corollary 1 For (a,z) € D, the Laguerre polynomial grows subexponentially, in the sense that for
order N > 1, and any € > 0,

N-1
—a C; 1 —(2—€)y/m|z| cos
i=0

with all coefficients and the implied big-O constant effectively bounded via our previous theorems.
Moreover, for (a,z) ¢ D, the large-n growth is not subexponential. Thus, the precise domain of
subexponential growth is characterized by (a,z) € D.

Proof. The given subexponential formula is a paraphrase of Theorem 8. Now assume z € (—o0,0].
We already know z = 0 does not yield such growth (see (2). Now for z negative real, note that
the integrals in (12, 14) are both decaying in large m. Finally, the integral in (11) has phase factor
| exp(2y/mz cosw)| < 1, and Lemma 6 show that ¢; also cannot grow subexponentially in m. QED

This corollary echoes, of course, the classical Perron result (7), and we again admit that historical
efforts derived the C; coefficients in principle. The new aspects are a) we have asymptotic coefficients
and effective bounds for general (a,z) € D parameters, and b) we can develop in a natural way an
algorithm for symbolic generation of said coefficients.

19



6.2 Algorithm for explicit asymptotic coefficients

Theorem 8 indicates that, to obtain actual C; coefficients, we need the cosh-arc numbers gx(7) and
the ap y(a,2) coefficients. Observe that the chain of relations starting with (39) is a prescription
for generation of the C. All of this can proceed via symbolic processing, noting that v is simply a
place-holder throughout.

Remarkably, there is a fast algorithm that bypasses much of the symbolic tedium. First, we have
an explicit recursion for Ay, with Ay :=1, as

k—1
1
Ay = Z ; Ajag_; (45)

as follows from differentiating (41) logarithmically, and then comparing terms. Second, when we use
(42) together with (45), we obtain a recursion devoid of the symbolic placeholder v, as

Ay, =

k—1
> (ubr—j + aju1dij) (46)
§=0

| =

where these new recursion coefficients are

by = (—1)"(1 +a) (*f)h dp = (1—(-1)") /%2 (f)m.

In practice we define o := 1 and force any «;, with u > j or u < 0 to vanish. In this sense, the
collection of ay, ,, make up a lower-triangular matriz, e.g. the entries for k£ < 3 appear thus:

1 0 0 0
1
_(a;r ) ,1/2 %23/2 0 0
2 1
a”+3a+2 _ ((1;:1 )22 ﬁzi’) 0 ’
_a®+6a®+11a+6 ,3/2  5a’+15a+16 ,5/2 _atl,7/2 1 ,9/2
48 480 576 10368

where a3 3 is the lower-right element here.
These observations lead to a fast algorithm for computation of the asymptotic coefficients:

Algorithm 1 (Fast computation of Laguerre asymptotic coefficients): For given
(a,z) € D and desired expansion order N, this algorithm returns the asymptotic coefficients
(Ck : k € [0, N]) of relation (44), Theorem 8.

1) Set 0 := 1 and for desired order N, calculate the lower-triangular matrix elements
(a1 0 <u <k < N) via a recursion such as

a(k, u) {
if(k == 0) return g ,,;

1 k—1 .
return ¢ 5o (@jubr—j + @ju—1dk—j);

}

or use an unrolled, equivalent loop (i.e., one may generate the left-hand column of the
a-matrix, then fill in one row at a time, lexicographically).

2) Use the recursion gi(7) = ((2k + 1)? + 72) gr—1(7) and the lower-triangular matrix of a
values to generate the C' coefficients via (44). ¢
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We observe that the expensive sums in this algorithm are all acyclic convolutions. Thus, for numerical
input (a,z) the algorithm complexity turns out to be O (N?*¢) arithmetic operations, with the “2”
part of the complexity power arising from the area of the lower-triangular sector.”

We employed the algorithm to generate exact asymptotic coefficients as follows:

Co=1, —12a® — 24za + 42% — 242 + 3)

_ 1
_m(

1
C2 = 16082 (144a* + 576za” + 4802°a” + 1728za” — 360a° — 1922°a
z

+ 11522%a + 1584za + 162" — 1922° + 3122 + 4322 + 81) ,

and so on. Note that the C; form here agrees with the PAMO coefficient in (8). We were able to
generate the full, symbolic Cg4(a, z) in about one minute of CPU on a typical desktop computer. To
aid future researchers, we report that the numerator of Cgy has degree 128 in both a, z, while the
denominator is an integer divisible by every prime not exceeding 64, namely

2319 . 394 525 713 197 . 135.174.193.23%.292.312.37-41-43-47-53-59-61.

While formidable, the bivariate Cy(a, z) coefficients evidently have intricate structure and pattern-
ing. Future research into said structure would be of interest.

6.3 Generating and verifying effective bounds

For the first nontrivial effective bound, we can employ the rigorous bound C; in Theorem 8, with
N =1, to get an effective version of the original asymptotic (3), as

_ C
LSL a)(*z) = Sn(a, 2) (1 + 7\/% + &+ 53,1) )
with ‘ 2|
_ 1—4a 0 0
Ci=0:— 1 (1+6sec’?= 212|121 2) sect/? =
1= 0 Ll (1 Gsec’2 ) 202 200 4 fl sl 2ysect
and we remind ourselves that &3 1 (Theorem 8) and & (Theorem 4) are both subexponentially small.
At last we have an effective numerator, then, for the 1/1/m asymptotic term. Though this effective
numerator is almost surely nonoptimal, we are evidently on the right track, because the exact Cy
asymptotic coefficient above (see (8)) has very much the same form as does the ©-expression for C';
here (i.e., same degrees of appearance for a,z, and similar coefficients). And, it is easy to see that
the ©-expression here is an upper bound on |C1] itself, as must of course be true; it is necessary that
Cn > |Cy| for every asymptotic order N.
Table 1 shows numerical instances of our asymptotic series from Theorem 8. It displays various
indices n and parameters a, z, together with corresponding asymptotic orders N from the theorem,
using the following nomenclature. Denote, for asymptotic order IV,

Cy Cn-1
T N2

Thn = 1+m1/2

so for S, being the assignment (4) we have an approximation £,, xy defined by

»Cn,N = SnTn,M ~ L’SL_G)(_Z)'

"E.g., floating-point FFT-based convolutions of length L require O(Llog L) operations, of complexity less than O (LH'E).
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Thus, L,, 1 is simply S, as T;,,1 = 1 always. How good are these £,, y approximations? The important
right-most columns of Table 1 report relative error (call it RE), with

Loy — LS9 (=2)
)

)

RE:—|

and a rigorous upper bound on relative error (call it RRE), expressed in terms of Theorem 8’s various
error bounds, with
€

Tn,N

b

RRE := ‘

where € > 0 can be taken to be any number not exceeding |5N/mN/2 + &1+ 537N|. Note that the
three error components in this last expression are all magnitude-bounded via Theorem 8; this is how
the RRE table entry was constructed.

A convenient way to view RRE is to realize that IR (—2) is rigorously known to lie in the interval
L, n-(1-RRE,14+RRE). The decimal representations in Table 1 are reflexive; i.e., there is ambiguity
only in the respective final digits. (When a reported value is (a+ib) - 10°, then both a and b are correct
to within 1 in their respective last digits.)

One might ask about the “first-missing” asymptotic term Cpy/m"/?—a term of interest in many
asymptotic theories. This term is typically close to, but often greater than, the RE. As is common
to many asymptotic developments, rules about the behavior of these first-missing terms are hard to
establish when parameters (in our case a,z) roam over the complex plane. In any case, the first-
missing term is often an order of magnitude or more greater than the RRE. Yet this discrepancy
between first-missing and RRE terms is not as harmful as might appear, as we discuss next.

N/2

6.4 Example application of effective bounds: Rigor for incomplete gamma

We have mentioned research motives in Section 1.1. A worked example of rigorous incomplete gamma
evaluations is the following. Let us use our very first entry from Table 1, namely

0 ; )

L9, (1= 4i) ~ (T—1i)-10%,
with a rather large RRE = 0.43. Though this is an order of magnitude larger than the relative error,
the penalty paid is only a few digits of precision for the relevant incomplete gamma. Indeed, from (5),
1299

: 1 1
[0, —1 4 4i) = e'=4
n; n+ 1O - )L (1 - 4i)

+ 0,
where the error ¢ is bounded, using RRE = 0.43 and (4), by

1 1
> < 10776, (47)

nS1300 T 1[SnSn1]

|61—4i|

Ol < A —mEp

the last bound using (4) and careful estimates on the summation over n > 1300. Thence the sum
ofr n € [1,1299] gives a rigorous, 76-digit-accurate value for I'(0,—1 + 44), (= 0.497 + 0.415 7).
Correspondingly, the actual absolute error in using the sum over n € [0,1299] is about 1078, so the
apparently poor RRE bound brings only a 2-digit penalty.

An additional application of Theorem 8 would be to use effective bounds to rule out zeros of L,, in
the crossed (a, z)-plane, that is, to establish an mg such that the term 1 + C/y/m must be positive
for all m > mg (see our Open problems section).
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n a,z N Approximation L, n to Lgfa)(—z) RE RRE

1300 | 0,—1+4i | 1 (7 —1)-10%7 0.0038 0.43
107 0,1 1 1.59 - 102744 0.00011 0.00099
2 1.595190 - 102744 1.4-107% | 2.8-1077
3 1.5951907764 - 102744 54-1071 | 9.2.107 1
109 | S +i,5+4i | 1 (—1.5 — 2.04) - 101303 0.0016 0.021
2 (—1.565 — 2.041i) - 10393 1.6-107¢ | 9.8-107°
3 (—1.562555 — 2.0414237) - 101303 1.4-1072 | 4.2-1077
4 (—1.56255567 — 2.041423269i) - 101303 1.3-10712 | 1.4-.107°
5 | (—1.56255567881 — 2.04142326969:) - 101303 | 1.3.1015 | 5.9.10712
107 | —3,1—100i | 1 (2 41) - 1019520 0.027 0.41
2 (1.8 4 0.9i) - 1019520 0.00035 0.034
3 (—1.85 + 0.957) - 1019520 3.1-107% | 0.0028
4 (—1.851 4 0.957i) - 1019520 2.1-107% | 0.00023
5 (—1.8510 + 0.95754) - 1019520 1.1-10719 ] 2.0-1075

10 | (—1.8509993203 + 0.95756166037) - 1019520 | 7.1.10723 | 7.6 - 10~

Table 1: Examples of rigorous accuracy vs. asymptotic order. For the indices n and parameters
(a,z) € D, numbers £, y are computed via the asymptotic series through term Cn_1/(n + 1)(N=1)/2 a5
in Theorem 8. The relative error (RE) and rigorous upper bound (RRE) on the relative errors in taking
these terms is reported. All decimal values are reported as correct to £1 in the last displayed digit of R,
parts. Such rigorous bounds can be used to establish indisputable accuracies for various other functions.

23



7 Brief remarks on oscillatory regimes

The exp-arc method has led to rigorous asymptotics for subexponential growth, but not for the Fejér
form (6) for z # 0 on the cut (—oo, 0]. Such oscillatory behavior can be dealt with, but other techniques
come into play. For one thing, contour integrals must be handled differently.

7.1 When 2z is on the negative real cut

Even on z € (—00,0) the contour prescription of Figure 1 is valid, and the Laguerre polynomial
is exactly the sum c¢; + d; + ey, with R := y/m/|z| > 1/2 being the only requirement for contour
validity. However—and this is important—the dominant contribution (17) has to change, to involve
an expanded integration interval; in fact, now we must use the contour integral c; itself as the main
contribution. For reasons of brevity, we simply state the complete asymptotic result stemming from
contour integral ¢y, as

6—2/2
Lim9(=2) ~ ST (—2)1/A=a/2 pi/atal? (48)
X { (Z f;) cos (2v—mz + ar/2 — 7 /4) + (Z ﬁuz) sin (2v/—mz + ar /2 — 7r/4)}
k=0 k=0

where these oscillatory-series coefficients are directly related to the coefficients in Theorem 8 by
Ak = Cgk(a, Z), Bk = iC2k+1(a, Z)

It transpires that for a real, every Ay, By is real, whence the asymptotic has all real terms. The
Fejér-Perron—Szegd expansion in [38, Theorem 8.22.2] for the oscillatory Laguerre mode is stated
there in a fashion structurally different from our asymptotic (48); notwithstanding this Szegé’s own
Aodd, Beven—also not defined quite like ours —vanish.®

7.2 Brief remarks on Bessel functions 7, J,

There is a vast literature on Bessel asymptotics [46] [41], resulting in the Hankel asymptotic series
[1, §9.2.5] and effective bounds on error terms (for certain parameter domains). In many cases these
restricted error bounds are nevertheless optimal [46]. It is instructive to explore, at least briefly, the
application of our exp-arc method to Bessel expansions. We recall (29) which leads to

I(z) = fzgk 2m {€*By(z) + (=1)"e *Bi(—2)} Ners ngkl - ?’ (49)

k>0

(again we omit proofs) where the first sum is convergent, exact, and the second sum agrees with
the classical Hankel asymptotic [46] [1]. For arg(z) € (—n/2,7/2), at least, one may derive effective
bounds on I, error terms using the exp-arc techniques.

Computationalists have known for decades that one way to evaluate Bessel functions uniformly
in the argument z is to use the standard ascending series for small |z|, but an asymptotic series for
large |z|. However, via the exp-arc method one can establish a converging series whose evaluation only
involves a single error-function evaluation, followed by recursion and elementary algebra. In fact, the
relations (34), (35) can be used to calculate J,(z) from relation (28) via the sum

2 — : .
Jn(z) = = ng(—%n) (b cos x — ¢ siny), (50)
k=0

80ur oscillatory asymptotic (48) has been verified to several terms by N. Temme; also he verifies our claim that the
classical Szegé coefficients do vanish for the parities indicated [40].
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with
Xi=z—mn/2—7n/4, by = Bp(iz)e"™* + Bp(—iz)e "™/, ey := By(iz)e'™* — By(—iz)e /4,

Note that if z is real then each by, ¢ is real, whence our series here has all real terms. Note that our
recursion (35) likewise ignites a recursion amongst the by, cx.

Note that (50) is actually the Hankel asymptotic if we replace By by its first term in (34), namely
(1/2)(2iz)"F=1/2T(k 4 1/2); however, we already know that the sum (50) is always convergent. It is
remarkable that we are using the same structure as the classical asymptotic, yet convergence for all
complex z is guaranteed. Moreover, the By (iz) are independent of the order n and so can be re-used
if multiple J,,(z) are desired for fixed z.

Those acquainted with the intricacies of Bessel theory may observe that our convergent expansion
(49) is at least reminiscent of the convergent Hadamard expansion found in [46, p.204] for the modified
Bessel function I,,. Though both expansions are absolutely convergent, there are some important dif-
ferences between this Hadamard expansion and our exp-arc forms (49, 50). For example we have given
our convergent sum only for integer v. Moreover, the exp-arc expansion is geometrically convergent,
while the Hadamard expansion is genuinely slower.

The research area of convergent expansions related to classical, asymptotic ones has been pioneered
in large part by R. Paris, whose works cover real and complex domains, saddle points, and the like [30]
[31] [32] [33] [34] [35]. We should point out that Paris was able to develop within the last decade some
similar, linearly convergent Bessel series by modifying the “tails” of Hadamard-class series. Finally,we
note that the problem of generalizing such unconditionally convergent series as our (50) to non-integer
indices—and with comparison to the recent work of Paris—is analyzed in a new work [3].

8 Open problems

e How might one proceed with the exp-arc theory to obtain effective error bounds for oscillatory
Laguerre modes, and-or oscillatory Bessel modes? We know that previous researchers have
described how to give effective bounds in these cases (e.g., to our asymptotic (48), as in [38,
88.72]) but once again we stress: How can this be done explicitly, and for full parameter ranges?

e Where are the zeros in the complex z-plane—for fixed a—of L%_a)( —2)? Are “most of” the zeros
along some a-dependent ray, in some sense? There is a considerable literature on this zero-free-
region topic, especially for polynomials in real variables. For example, with a := 0 the Laguerre
zeros are all real and negative; see [25, Ch. X] and references therein. There is also an interesting
connection between Laguerre zeros and eigenvalues of certain (large) matrices [15]. Certainly the
theorems of the Saff-Varga type are relevant in this context [25, Th. 11].

e How can Laguerre asymptotics be gleaned from standard recurrence relations amongst the
L%_a)(—z)? One may ask the same question for the Laguerre differential equation as start-
ing point. A promising research avenue for a discrete-iterative approach to asymptotics is [45];
see also [8] for the asymptotic analysis of certain complex continued fractions. As for differential-
equation approaches, there is the classical work of Erdélyi and Olver, plus modern work on
combinations of differential, discrete, and saddle-point theory [16][18].

e The efficient “keyhole” contour of Figure 1 was discovered experimentally. What other analytical
problems might be approached in this fashion? For that matter, how might one properly use the
celebrated Watson loop-integral lemma with error term [28, Theorem 5.1] on our keyhole contour
to obtain similar effective asymptotics?

e Here is a scenario suggested by N. Temme [40]. When n is small (in some sense not made rigorous
here), and say |z| < |a|, one should expect an asymptotic behavior

N
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The problem is: How does one make this rigorous, with effective error bounds?

Acknowledgements We are indebted to J. Buhler, R. Mayer, O-Yeat Chan, R. Paris, and
N. Temme for the generous lending of expertise, ideas and suggestions. We are equally grateful to two
referees for their insightful remarks.

References

[1] M. Ambramowitz and I. Stegun, Handbook of Mathematical Functions, NBS (now NIST), 1965.

[2] David H. Bailey, Jonathan M. Borwein and Richard E. Crandall, “Integrals of the Ising class,” J.
Phys. A: Math. Gen., 39 (2006) 12271-12302.

[3] D. Borwein, J. Borwein, and O-Y. Chan, “The evaluation of Bessel functions via exp-arc integrals,”
J. Math. Anal & Appl., accepted October, 2007.

[4] J.M. Borwein and P. B. Borwein, Pi and the AGM: A Study in Analytic Number Theory and
Computational Complezity, John Wiley, New York, 1987. Paperback edition 1998.

[5] Jonathan Borwein and Marc Chamberland, “Integer powers of Arcsin,” IJMMS, 10 pages, e-
published June 2007.

[6] Jonathan Borwein, Richard Crandall and Greg Fee, “On the Ramanujan AGM fraction. Part I:
the Real-parameter Case,” Experimental Mathematics, 13 (2004), 275-286.

[7] Jonathan Borwein and Richard Crandall, “On the Ramanujan AGM fraction. Part IT: the Complex-
parameter Case,” Fxperimental Mathematics, 13 (2004), 287-296 .

[8] D. Borwein, J. Borwein, R. Crandall and R. Mayer, “On the dynamics of certain recurrence
relations,” Ramanujan Journal, 13 (2007), 65-104.

[9] C. Bosbach and W. Gawronski, “Strong asymptotics for Laguerre polynomials with varying
weights,” J. Comp. and Appl. Math., 99 (1998), 77-89.

[10] K. Chao and R. Plymen, “A new bound for the smallest a with n(z) > li(z),”
arXiv:math/0509312v5 [math.NT] (Sep 2005).

[11] R. Crandall, “Unified algorithms for polylogarithm, L-series, and zeta variants,” preprint, 2006.
[12] R. Crandall,“Alternatives to the Riemann—Siegel formula,” preprint, 2006.

[13] R. Crandall, R. Bettega. and R. Whitnell, “A class of exactly soluble three-body problems, ” J.
Chem. Phys. 1985 (Sep.).

[14] R. Crandall, R. Whitnell. and R. Bettega, “Exactly soluble two-electron atomic model,” Amer.
Journ. Phys. 1984 (May).

[15] H. Dette, “Strong approximation of eigenvalues of large dimensional Wishart matrices by roots
of generalized Laguerre polynomials,” J. Approz. Theory, 118, (2002), 290-304.

[16] A. Erdélyi, “Asymptotic forms for Laguerre polynomials,” J. Indian Math. Soc., Golden Jubilee
Commemoration Volume, 24 (1960), 235-250.

[17] W. Foster and I. Krasikov, “Explicit bounds for Hermite polynomials in the oscillatory region,”
LMS J. Comput. Math., 3, (2000), 307-314.

[18] C. Frenzen and R. Wong, “Uniform asymptotic expansions of Laguerre polynomials,” SIAM J.
Math. Anal., 19, (1988), 1232-1248.

[19] P. Henrici, Applied and Computational Complex Analysis: Special Functions, Integral Transforms,
Asymptotics, Continued Fractions, Vol. 2 (Classics Library), John Wiley, 1974 (reprint 1988).

[20] E. Hobson, A Treatise on Plane Trigonometry, London,Cambridge University Press, 1925.

26



[21] L. Jacobsen and W. Thron, “Oval convergence regions for continued fractions K (a,/1),” preprint,
1986.

[22] A. Kuijlaars and K. McLaughlin, “Riemann—Hilbert analysis for Laguerre polynomials with large
negative parameter,” Computational Methods and Function Theory, 1 (2001), 205-233.

[23] J. Lépez and N. Temme, “Convergent asymptotic expansions of Charlier, Laguerre and Jacobi
polynomials,” Report MAS-E0320, Centrum voor Wiskunde en Informatica, 2003.

[24] J. Lépez and N. Temme, “Approximations of orthogonal polynomials in terms of Hermite poly-
nomials,” Meth. and App. of Anal., 6, (1999), 131-146.

[25] L. Lorentzen and H. Waadeland, Continued Fractions with Applications, North-Holland, Amster-
dam, 1992.

[26] E. Love, “Inequalities for Laguerre functions,” J. of Inequal. and Appl., 1 (1997), 293-299.
[27] F. Olver, “Why steepest descents?” SIAM Review, 12 (1970), 228-247.

(28] F. Olver, Asymptotics and Special Functions, Academic Press, New York, 1974.

[29] R. B. Paris, private communication (2007).

(30]

30] R. B. Paris, “On the use of Hadamard expansions in hyperasymptotic evaluation of Laplace-type
integrals. I: real variable,” JCAM 167 (2004) 293-319.

[31] R. B. Paris, “On the use of Hadamard expansions in hyperasymptotic evaluation of Laplace-type
integrals. IT: complex variable,” JCAM 167 (2004), 321-343.

[32] R. B. Paris, “On the use of Hadamard expansions in hyperasymptotic evaluation of Laplace-type
integrals. IIT: clusters of saddles,” JCAM (2007) [to appear].

[33] R. B. Paris, “On the use of Hadamard expansions in hyperasymptotic evaluation of Laplace-type
integrals. IV: poles,” JCAM (2007) [to appear].

[34] R. B. Paris, “Exactification of the method of steepest descents: The Bessel functions of large
order and argument,” Proc. R. Soc. Lond. A 460 (2004), 2737-2759.

[35] R. B. Paris and D. Kaminski, “Hadamard expansions for integrals with saddles coalescing with
an endpoint,” App. Math. Lett. 18 (2005), 1389-1395.

[36] O. Perron, “Uber das Verhalten einer ausgearteten hypergeometrischen Reihe bei unbegrenztem
Wachstum eines Parameters,” Journal fir die reine und angewandte Math, 151 (1921), 63-78.

[37] A. Smith, “A new asymptotic form for the Laguerre polynomials,” J. Math. Phys. 33 (5) (1992),
1666-1671.

[38] G. Szegd, Orthogonal Polynomials, Amer. Math. Soc. Colloq. Publ. 23, Amer. Math. Soc., Prov-
idence, RI, fourth edition, 1975.

[39] N. Temme, “Asymptotic estimates of Stirling numbers,” Stud. Appl. Math., 89 (1993), 223-243.
[40] N. Temme, private communication (2006).

[41] S. Thangavelu, Lectures on Hermite and Laguerre Ezpansions, Math. Notes., Princeton Univ.
Press, Princeton, N.J., 1993.

[42] E. Titchmarsh, The theory of the Riemann zeta function, Clarendon Press, Oxford, 1951 & 1967.

[43] W. Van Assche, “Weighted zero distribution for polynomials orthogonal on an infinite interval,”
SIAM J. Math. Anal., 16 (1985), 1317-1334.

[44] W. Van Assche, “Erratum to ‘Weighted zero distribution for polynomials orthogonal on an infinite
interval’,” SIAM J. Math. Anal., 32 (2001), 1169-1170.

[45] Z. Wang and R. Wong, “Linear difference equations with transition points,” Liu Bie Ju Centre
for Math. Sci., Preprint Series, 11, (2004).

[46] G. Watson, Treatise on the theory of Bessel functions, 2nd Ed., Cambridge Math. Lib. Ed.,
Cambridge Univ. Press, 1966.

27



[47] S. Winitzki, Computing the incomplete gamma function to arbitrary precision, LNCS 2667, 290,
Springer—Verlag (2003).

[48] S. Wong, Computational methods in physics and engineering, Prentice-Hall, New Jersey, 1992.

28



